GEODESIC CONJUGACY IN TWO-STEP NILMANIFOLDS 



Carolyn Gordon and Yiping Mao 

Abstract. Two Riemannian manifolds are said to have C fe -conjugate geodesic flows 
if there exist an C k diffeomorphism between their unit tangent bundles which inter- 
twines the geodesic flows. We obtain a number of rigidity results for the geodesic 
flows on compact 2-step Riemannian nilmanifolds: For generic 2-step nilmanifolds 
the geodesic flow is C 2 rigid. For special classes of 2-step nilmanifolds, we show that 
the geodesic flow is C° or C 2 rigid. In particular, there exist continuous families of 
2-step nilmanifolds whose Laplacians are isospectral but whose geodesic flows are not 
conjugate. 



Introduction 

Two Riemannian manifolds (M, g) and (N, h) are said to have C k - conjugate geo- 
desic flows if there is a C k diffeomorphism F : S{M 1 g) — > S(N, h) which intertwines 
the geodesic flows on S(M, g) and S(N, h). Here S(M, g) and S(N, h) are the unit 
tangent bundles of (M, g) and (N, h) respectively. We call F a C k - geodesic conju- 
gacy from M to N. A compact Riemannian manifold is said to be C k -geodesically 
rigid within a given class of manifolds if any Riemannian manifold N in that class 
whose geodesic flow is C fc -conjugate to that of M is isometric to M. 

A. Weinstein ([W]) exhibited a zoll surface of non-constant curvature whose 
geodesic flow is conjugate to that of the round sphere. On the other hand, two 
flat tori with C 1 -conjugate geodesic flows must be isometric. Therefore, a natural 
question arises: 

Question. Which compact Riemannian manifolds are C k -geodesically rigid in a 
given class of manifolds ? 

This question is central to the study of negatively curved manifolds. Many 
important open problems in the field will follow if all negatively curved manifolds 
can be shown to be geodesically rigid (see [BFL], [EHS], [Ka], [Kk]). For negatively 
curved surfaces , C. Croke ([C]) and J. Otal ([O]) have independently answered 
this question affirmatively. Recently, C. Croke and B. Kleiner ([CK]) proved that 
compact Riemannian manifolds with a parallel vector field are geodesically rigid. 
For negatively curved manifolds of higher dimension, the question is still open. 
Recently, G. Besson, G. Courtois and G. Gallot proved that if a manifold has 
a geodesic flow which is C 1 -conjugate to the geodesic flow of a rank one locally 
symmetric space M , then it is isometric to M. 
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In this article, we will consider the question above for the class of 2-step Rie- 
mannian nilmanifolds. This question was also asked by P. Eberlein in [E] . 

A k-step Riemannian nilmanifold is a compact quotient of a /c-step nilpotent Lie 
group G by a discrete subgroup together with a Riemannian metric whose lift to 
G is left-invariant. Note that a one-step nilmanifold is just a flat torus. Thus the 
2-step nilmanifolds may be viewed as the simplest generalization of flat tori, yet 
they have a much richer geometry. 

We are interested in this problem in part because of its relationship to spectral 
geometry. Two Riemannian manifolds are said to be isospectral if the associated 
Laplace-Beltrami operators have the same eigenvalue spectrum. A continuous fam- 
ily M t (— e < t < e) of Riemannian manifolds is said to be an isospectral deformation 
of Mo if the manifolds are pairwise isospectral. Since the Laplacian can be viewed 
as the quantum analog of the geodesic flow, one might expect that continuous fami- 
lies of isospectral manifolds would have conjugate geodesic flows. E. N. Wilson and 
the first author ([GW]) gave a method for constructing isospectral deformations of 
Riemannian nilmanifolds, in particular, 2-step nilmanifolds. Moreover, P. Eberlein 
([E]) showed that if a pair of 2-step nilmanifolds have C 1 conjugate geodesic flows, 
then they must both lie in one of these continuous families. Nonetheless, we shall 
see that, at least for some of the isospectral deformations, the geodesic flows are 
not even C° conjugate. 

The main results in this paper are the following: 

Theorem 1. 

Almost all compact 2-step nilmanifolds are C 2 -geodesically rigid within the class 
of all compact nilmanifolds. 

(See section three for a precise statement.) 

Theorem 2. There is a large class of compact 2-step Riemannian nilmanifolds 
such that any Riemannian nilmanifold whose geodesic flow is C° conjugate to a 
nilmanifold M in this class is isometric to M . Included in this class are many 
continuous families of isospectral manifolds. 

We remark that R. Kuwabara [Ku] has shown that for some of the isospectral 
deformations of 2-step nilmanifolds mentioned above, the geodesic flows restricted 
to dense open subsets of the tangent bundles are symplectically conjugate. 

A. Kaplan [Kap] introduced the notion of 2-step nilmanifolds of Heisenberg type. 
(See section one for the definition.) 

Theorem 3. Compact 2-step nilmanifolds of Heisenberg type are C° -geodesically 
rigid within the class of compact Riemannian nilmanifolds. 

Finally, Eberlein [E] defined a notion of Riemannian 2-step nilmanifolds in reso- 
nance. This algebraic condition is closely associated with the geometric condition 
that the set of vectors lying in closed orbits of the geodesic flow are dense in the 
unit tangent bundle. (See [Ma], [LP].) We define a notion of nilmanifold strongly 
in resonance and prove: 

Theorem 4. Compact 2-step nilmanifolds which are strongly in resonance are C 2 - 
geodesically rigid within the class of compact Riemannian nilmanifolds. 

The paper is organized as follows: In section one, we review the geometry of 
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those cited in the theorems above, and review the construction of isospectral de- 
formations of nilmanifolds. Section two establishes a number of results concerning 
conjugacies of geodesic flows between arbitrary 2-step nilmanifolds and culminates 
in Theorem 2. Theorems 1, 3 and 4 are established in section three. 

The authors would like to thank Patrick Eberlein, Jens Heber, and David Webb 
for helpful discussions. Some of the results of this paper were announced in [GM] . 

1. Preliminaries 

In this section, we give a brief introduction to the geometry of 2-step Lie groups 
that will be used in the proof of the theorems. We recommend [E] as a reference. 

A Riemannian nilmanifold is a quotient M = T\N of a nilpotent Lie group N by 
a discrete subgroup T, together with a Riemannian metric g whose lift to N, also 
denoted g, is left-invariant. We say the nilmanifold has step size k if N is /c-step 
nilpotent. 

1.1 Notation. Let N be a 2-step nilpotent Lie group with a left invariant metric 
g. The metric g defines an inner product <, > on the Lie algebra Af of N . Let 
Z = [Af, Af] and let V denote the orthogonal complement of Z in Af relative to 
<,>. 

Since N is 2-step nilpotent, the Campbell-Baker-Hausdorff theorem gives the 
product rule 

exp(x) exp(y) = exp(x + y + ^[x,y]) 

for all x, y G A/", where exp : Af — > N is the Lie group exponential map. 

For z in Z, define a skew symmetric linear transformation J(z) : V — > V by 
J(z)x = (ad(x))*z for x G V, where (ad(x))* denotes the adjoint of ad (a;). Or, 
equivalently 

(*) < J(z)x, y >=< [x, y],z > for x,y G V, z G Z. 

The operators J(z) contain all geometric information concerning the manifold (N, g). 

Conversely, given inner product spaces V and Z and a linear map J : Z — > 
so(V), we can construct a 2-step nilpotent Lie algebra Af together with an inner 
product, by setting Af = V Z and defining the Lie bracket so that Z is central 
and [ , ] : V x V — > Z is given by (*). The inner product defines a left-invariant 
Riemannian metric on the associated simply- connected nilpotent Lie group N . 

1.2 Example. The Heisenberg group of dimension 2n + 1 is the simply- connected 
Lie group with Lie algebra Af = span-fa^,- •• ,x n ,yi,--- ,y n ,z}, where [xi,yf\ = 
z, 1 < i < n, and all other brackets of basis elements are zero. Giving Af the 
inner product for which the basis above is orthonormal, we have 

Z = span{z}, 

V = span{xi, • • • , x n , y lt ■ ■ ■ , y n } 

and J(z)xi = yi, J{z)yi = —Xi. Thus J(z) can be viewed as a complex structure 
on the vector space V. 
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1.3 Definition. 

(1) A 2-step nilpotent Lie group N with a left-invariant Riemannian metric g 
is of Heisenberg type if J 2 (z) = —\z\ 2 Id on V, for all z G Z. 

(2) (N, g) is said to be nonsingular if J(z) is a nonsingular linear transforma- 
tion for all z G Z, z ^ 0. 

(3) (N, g) is said to be in resonance if for all z ^ G Z , every ratio of non-zero 
eigenvalues of J(z) is rational, equivalently, for each z G Z, there exists a 
constant t such that e* J< - 2 - ) = Id, where t may depend on z. 

(4) (N, g) is said to be strongly in resonance if for each z G Z, there exists a 
constant t such that e tJ ^ = — Id, where t may depend on z. 

(5) (N, g) is said to be irrational if for z in a dense set of Z, 1, 6*1(2;), • • • , 9 p (z) 

are linearly independent over the field of rational numbers, where {±y/—l$i(z), i = 
1, 2, • • • ,p} are the distinct eigenvalues of J(z). ( We choose 9i(z) > 0). 

1.4 Remark. 

(1) The notion of Lie group of Heisenberg type is due to A. Kaplan ([Kn]). 
These groups have a surprisingly rich and varied geometry and have been 
studied by several authors (e.g., [E], [Riejj. It is easy to see that the Lie 
groups of Heisenberg type are nonsingular and strongly in resonance. 

(2) P. Eberlein (\E]) defined the term "in resonance" . The nilmanifolds of 
Heisenberg type are in resonance, in fact, strongly in resonance. M. Mast 
([Mt]) gave the first examples of nilmanifolds in resonance which are not 
of Heisenberg type. We give an additional example below. 

(3) The condition "strongly in resonance" implies "in resonance". However, 
our examples will show that "strongly in resonance" is indeed stronger than 
"in resonance" . 

(4) Generically, all 2-step nilpotent Lie groups are irrational. In this case, forz 
in a dense set of Z, there is a sequence ofU such that lim^oo e tiJ ^ = — Id . 



1.5 Example. Let V and Z be inner product spaces with orthonormal bases {X\, ■ ■ ■ , X$} 
and {Zi, Z 2 }, respectively, and define J : Z — > so(V) so that for Z = z\Z\ + z 2 Z 2 , 
J(Z) has the following matrix representation with respect to the basis above ofV: 
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distinct eigenvalues 


ofJ(Z) 


are {±- 
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^X2\Z\} 





As in 1.1, the data (V,Z,J) defines a simply- connected 2-step nilpotent Lie 
group N with a left-invariant Riemannian metric g. If, say, A2 = 2Ai, then (N,g) 
is in resonance but not strongly in resonance. If, say, A2 = 3Ai, then (N,g) is 
strongly in resonance but is not of Heisenberg type. 

We now consider geodesies on a 2-step nilmanifold. Let x,y G M regarded as left 
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X/ X y normally contains 6 terms but in this case three of them vanish since g(x,y) 
is constant in N. One obtains 

VxV = ^{[x, y] - (ad(x))*y - (a,d(y))*x} 

Therefore, one obtains the following lemma. 

1.6 Lemma. ([E]) 

(1) xj x y = \[x,y], forx.yeV. 

(2) \j x z = \/ z x = -\j{z)x, for x EV,z e Z. 

(3) Vzz* = 0, forz.z* eZ. 

Using lemma 1.6, one can calculate geodesies in N. 

Let a(t) be a geodesic with <r(0) = e and cr'(O) = x + z G A/", where e is the 
identity element of N, x G V and z G Z. In exponential coordinates, we write 
a(t, x + z) = exp(x(t) + z(t)) where x(t) G V,z(t) G Z,x'(0) = x,z'(0) = z. We 
denote J(z) by J. One obtains: 

1.7 Lemma. ([E]) 

(1) a'(t) = dL a(t) (e tJ x + z), for t G R, 

where L m denotes the left translation on N by m G N . 

(2) x(t) = tx 1 + (e tJ - id) J~ 1 x 2 , for t G R, 

where x\ G Ker(J(z)), x 2 G Ker(J(z))- L and x\ + x 2 = x. 

(3) z(t) =t Zl (t) + z 2 (t), 



1 1 N 

z x {t) = z + -[x u (e tJ + Id)J~ 1 x 2 ] + - ^[J- 1 ^, a 



i=i 

z 2 (t) = [ Xl ,(Id-e tJ )J- 2 x 2 } - \[e tJ J- l x 2 ,J- l x 2 ] 
1 N 1 

1 N 1 

where e tJ = ^2 n ^jJ n , 1, ; * = 1, • • o^e t/ie distinct eigenvalues 

of J(z) and {^} C _KTer( J(^)) 1 " satisfies Ej£j = x 2 and J 2 (z)^j = —9j£j. 

1.8 Remark. 

(1) //iV zs of Heisenberg type, then x\ = 0, and ±y/—l\z\ are the only eigen- 
values of J(z), so 



sin(t 
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x{t) = (cos(t I z I) — 1) J 1 x H j — j x, 

I 1 2 
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(2) If x = or z = 0, then the geodesies become respectively a(t) = exp(tz) or 
o~(t) = exp(te). More generally, if J(z)x = 0, then the geodesic is given by 
a(t) = exp(t(x + z)). 

A geodesic a in N descends to a closed geodesic in Y\N if and only if there exists 
7 G T and I 6 M such that a(t + I) = i<r(t) for all t E R. 

1.9 Lemma. ([E]) Let <p = exp(v* + z*) be an arbitrary element of N. Let z** be 
the component of z* orthogonal to [v*, V]. Let a(t) be a unit speed geodesic such that 
ipa(t) = a(t+l) for allt E R and some I > 0. Let a = cr(0) andu* = (\v*\ 2 +\z**\ 2 )^ . 
Then 

(1) |u*| < I < u*. 

(2) I = uj* if and only if the following conditions hold: 

o-(t)=ae W (^:(v* + z**) 
z** = z* + [v*, where a = exp(^). 

(3) I = \v*\ if and only if z** = and a(t) = a ■ exp(£|^j). 

We next recall some basic facts about uniform discrete subgroups of N. See [Rn] 
for details. 

1.10. If r is a uniform discrete subgroup of N, then logT n Z is a lattice of 
full rank in the derived algebra Z, and 7r„(logr) is a lattice of full rank in V, 
where tt v : Af — > V is the projection with kernel Z. For x,y E logT, we have 
exp(x) exp(y) exp(— x) exp(— y) = exp([x,y]) E Y, so [x,y] E logTri Z. In partic- 
ular, if we choose a basis of M consisting of elements of logI\ then the constants 
of structure are rational. Thus, letting Nq denote the rational span o/logT, then 
Mq has the structure of a rational Lie algebra. We will say a subspace of M is 
rational if it has a basis consisting of elements of \ogT. For example, image(ad(x)) 
is rational for all x E logT. 

We conclude this section with a brief discussion of isospectral nilmanifolds. The 
notion of almost inner automorphisms (1.11 below) will play a key role in the sequel. 

1.11 Definition. 

(a) Let r be a uniform discrete subgroup of a simply- connected nilpotent Lie 
group N. An automorphism $ of N is said to be T-almost inner if $(7) is 
conjugate to 7 for all 7 ET. The automorphism is said to be almost inner 
if <&(x) is conjugate to x for all x E N . 

(b) A derivation <fi of the Lie algebra M is said to be V -almost inner, respectively 
almost inner, if <j>(x) E image(ad(x)) for all x E logT, respectively, for all 
x EN. 

1.12 Remark. (See [GW]) 

(a) The Y-almost inner automorphisms and the almost inner automorphisms 
form connected Lie subgroups of Aut(AT). In many cases, these groups 
properly contain the group Inn(AT) of inner automorphisms. The spaces of 
Y-almost inner {respectively, almost inner) derivations of Af are the Lie al- 
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inner derivation, then there exists a one-parameter family <& t of (T-) almost 
inner automorphisms of N such that = e • Conversely, if $ is a (T- 
) almost inner automorphism of N , then <E>* = e^ for some (T-) almost inner 
derivation of Af ' . 

(b) Note that a T -almost inner derivation satisfies 4>(V) C [A/ - , A/] and 0(Z) = 
if Z is central. In particular, if Af is 2-step nilpotent, then (letting Z = 
[A/", A/"] as before), we have (j)(Af) C Z and 0(iT) = 0, so ^ 2 = 0. Thus 
e** = Id +t<f>. 

1.13 Proposition. Let (r\AT, o) 6e a compact nilmanifold and let be aT- almost 
inner automorphism of N. Then (3>(T)\N, g) is isospectral to (T\N, g). Conversely, 
if N is 2- step nilpotent and if (T t )t>o is a continuous family of discrete subgroups 
of N such that the family of manifolds (T t \N,g) are all isospectral, then there exists 
a family {$t} of T - almost inner automorphisms of N such that T t = $ t (r ) for 
all t. 

The first statement is proven in [GW] for almost inner automorphisms and in 
[G] for T-almost inner automorphisms. The converse is given in [OP] and [P]. 

1.14 Remark. If $ is an inner automorphism of N , say $ is conjugation by 
a G N, then (<&(T)\N,g) is isometric to (T\N,g). The isometry is induced from 
the isometry L a of (AT, g) given by left translation. However, if (p is a V -almost 
inner derivation which is not inner and is the corresponding family of auto- 
morphisms, then the deformation $ t (T)\N,g) is non-trivial. 

2. Geodesic Conjugacy 

Throughout this section, (N, g) will denote an arbitrary simply-connected 2-step 
nilpotent Lie group with left-invariant Riemannian metric and V a uniform discrete 
subgroup of N. We continue to use the notation Af = Z + V introduced in 1.1 for 
the Lie algebra of N. 

2.1 Notation and Remarks. 

(a) The left-invariant vector fields on N induce global vector fields on F\N. 
Thus the tangent bundles of both N and F\N are completely parallelizable, 
and the unit tangent bundles may be identified with 

S(N,g) = N x S(Af) 

S(T\N,g) = F\N x S(Af) 

where S(Af) is the unit sphere in Af relative to the Riemannian inner prod- 
uct. We will write S(N) for S(N,g) if g is understood. 

(b) For x G N , the left action L x : N — > N induces a diffeomorphism (X x )* of 
S(N). Under the identification above, 

(L x )*(n,u) = (xn,u) 

forneN,ue S(Af). 

(c) Now suppose that (T*\N* , g*) is another 2-step nilmanifold and that 

F:S(T\N,g)^S(T*\N*,g*) 

is a homeomorphism intertwining the geodesic flows. By (a), the fundamen- 
tal group of S(T\N) is isomorphic to V, so F induces an isomorphism 

F* : r -> r*. 
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2.2 Proposition. ([E]) Suppose (T\N,g) and (T*\N*,g*) are compact 2-step nil- 
manifolds and F : S(T\N) — > S(T*\N*) is a homeomorphism intertwining their 
geodesic flows. Then there exists a V -almost inner automorphism $ of N (see 
definition 1.11) such that (F*\N* , g*) is isometric to (T\N,g). Moreover the iso- 
morphism F* : T — > T* is given by F* = ^* o $| r where 

y:(y(T)\N,g)^(T*\N*,g*) 

is an isometry and : $(r) — > T* is the induced map on fundamental groups. 

2.3 Notation and Remarks. 

(a) By Proposition 2.2, we may replace (T*\N*,g*) by (3>(T)\N,g), so F : 
S(T\N,g) — > S($>(T)\N, g), and we may assume that F* = <E>|r for some 
Y-almost inner automorphism $ of N. Let 

F : S(N) -> S(N) 

be the lift of F. In the notation of 2.1 (b), we have 

FoL^=L HlU oF, 

for all 7 G T. Also, denoting by G l the geodesic flow of (N, g), we have 

p o G l = G l o F. 

(b) For (n,u) G S(N), write 

F(n, u) = (exp(A(n, u) + B(n, u))n, I(n, u) + H(n, it)) 

(c) (See Remark 1.12) There exists a Y-almost inner derivation of N , which we 
denote by <f>, such that the differential : N ' — > Af is given by = Id +</>. 
We have <f>(Z) = and 0(V) C Z. 

2.4 Proposition. We use the notation in 2.3. For (n,u) G S(N) and 7 G T, 

(a) B(^n,u) = B(n,u), 

(b) H^rijU) = H(n,u), 

(c) I(in,u) = I(n,u), 

(d) A(~/n,u) = A(n,w) + 0(log7) - [B(ra,u),log7]. 

Proo/. By 2.1 (b) and 2.3, we have 

(exp(A(7?7., it) + B^n, u))^n, /(771, u) + H^n, u)) 
= F(<yn, u) = L^ (j) ^F(n, u) 

= ($(7) exp(A(n, u) + B(n, u))n, I(n, u) + H(n, it)). 
This yields (b) and (c). Using 2.3 (c) and the fact that 

exp(x) exp(y) = exp(x + y + - [x, y}) 
for x, y G A/", a straight-forward computation yields (a) and (d). 
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2.5 Proposition. For a unit vector u G Af, let a(t,u) be the geodesic in N with 
cr(0, u) = e and cr(0, u) = u. Write a(t, u) = exp(X(t, u) +Z(t, u)) with X{t, u) G V 
and Z{t,u) G Z. Defining J : Z — > so(V) as in 1.1 and letting G 1 be the geodesic 
flow of (N, g), we have: 

(a) I(G\n,u)) = e tJi ~ H ^ u ^I{n,u), 

(b) H(G t (n,u)) = H(n,u), 

(c) B(G\n, u)) = B(n, u) + X(t, I(n, u) + H(n, u)) - X(t, u) 

Proof. The proposition follows from the expression for the geodesies in Lemma 1.7. 

As seen in Lemma 1.7, if u G V or u G Z, then the geodesic a(t, u) in iV with 
<r(0, u) = e, <j(0, n) = n is given by a(t, n) = exp(tn). For n G AT, the geodesic with 
initial conditions (n, n) is just the translation nexp(tn). The corresponding orbit 
of the geodesic flow in iV is the curve (nexp(tn), u). 

2.6 Proposition. In the notation of 1.1 and 2.3, we have: 

(a) F : T\iV x {z} -> $(r)\iV x {z} for all zeZ. 
That is, H(n, z) = z and I(n, z) = 0. 

(b) F : T\N x {v} -> $(r)\AT x {w} /or a// v E Z. 
That is, H(n, v) = and 7(n, u) = v. 

2.7 Lemma. ([E]) Let v G 7r„(logr) and e > be given. Then there exists an 
element £ G logT such that £ = kv + zq for some positive integer k and some 
element zq G Z with \zq\ < e. 

Proof of Proposition 2. 6. Recall that free homotopy classes of closed curves in T\N 
correspond to conjugacy classes in Y. For 7 G Y (respectively, $(r)), we will denote 
by [7] (respectively, [7]*) the corresponding free homotopy class. 

(a) Let 

Z u = {z G Z, \z\ = 1} 

Z r = {z G Z u \rz G log(r), for somer > 0} 

Since Y is a uniform lattice, Z r is dense in Z u . Thus we need only show that 
H(n, z) = z for z G Zr- 

The almost inner automorphism $ restricts to the identity on the center of M. 
In particular, logT D Z = log$(r) fl Z and Zr = 2$(r)- Let zq G Zr and let ro 
satisfy r^z^ G logT. By Lemma 1.9 (with v* = 0), the longest geodesies in the free 
homotopy class [ro^o] are precisely the projections to r\iV of exp(t^o) and all its 
left translations. Thus the submanifold r\iV x {z } of S(Y\N) is foliated by all the 
longest periodic orbits of the geodesic flow in the free homotopy class [ro^o] (viewed 
now as a free homotopy class of curves in S(Y\N)). Similarly <fr(r)\iV x {zq} is 
foliated by the longest periodic orbits of the flow in the class [ro^o]* of S(&(Y)\N). 
Hence the geodesic conjugacy F must map r\iV x {z } onto r*\iV x {z }. This 
proves (a). 

(b) The proof of (b) is similar but considerably more complicated. Let 

V u = {veV\ \\v\\ = l} 
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where ix v : J\f — > V is the orthogonal projection. Since T is a uniform lattice, Vr 
is dense in V u and we only need to show that i"(n, v) = v for all v E Vr- 

For a fixed v E Vr, there is an r > 0, such that rv E 7r^(logr). According to 
Lemma 2.7, for e > 0, there is a positive integer k e and an element z e G z with 
\\z e \\ < e such that 

(2.6.1) k £ rv + z e G log(r). 
Decompose 

(2.6.2) z e = z efi + z €jl 
with z C} o G Im(ad(v))- L and z^\ G Im(ad(w)). Let 

k e rv 



(2.6.3) = 



||fc e rv + z £}0 \ 



(2.6.4) ;„ = 



k e rv + z e , \\ 

For n E N, the curve nexpt(f + ^o) is a geodesic (see Lemma 1.7). Set 

N = {n E N \ 7 n (t) = nex.pt(vo + z ) descends to a closed geodesic inr\iV}. 

We are going to prove that N is dense in N. 
For n = exp(x + w) G N, x G V, w G we get, 

7 n (£) = nexp(t> + z ) = exp(tv + x + w + - [x, v ] +tz ), 
ln{t + I) = exp((t + l)v + x + w + -y-[^ v o] + (t + l)z ) 

= exp(lv + l[x, v ] + Izq) exp(x + tv + w + -[x, v ] + tz ) 
= exp(/i> + l[x,v ] + lz )in(t)- 

Therefore, r y n (t) descends to a closed geodesic in T\N if and only if 

(2.6.5) exp(/i> + l[x, v ] + lz ) G V. 

So, 

N = {n = exp(x + w) E N \ exp(/w + l[x, v ] + Izq) E T for some / G K}. 

By (2.6.1) - (2.6.4), we have 

\\k € rv + z e fi\\vo + \\k c rv + z £j0 \\z + z e ,i G logT. 

Since z^\ E Im(ad(v)), there is a u E V such that [u,vo] = p *v+z || " Letting 
ri = ||fc e rv + z e> o||, we get 
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Let Zq be the rational span of Z n log(r); i.e., Zq = Z n A/q in the notation of 
1.10. By the remark in 1.10, nlm(ad(fo)) is dense in Im(ad(vo)) and thus so is 
±(Z Q Mm(ad(v ))). 
Note that 

V = ker(ad(z;o)) 0ker(ad(z;o)) ± 

and 

ad(^o) : ker(ad(wo))" L — > Im(ad(vo)) 

is an isomorphism. So, ad(vo) -1 ( r i (Zq H Im(ad(vo)))) is dense in ker(a<i(t'o)" L . 
Denote 

A(u ) = ad(t;o)" 1 (rr 1 (ZQ n Im(ad(v ))). 

Fix u such that t\(vq + [u,vq] + zq) G logT. Then, u + A{vq) + ker(ad(vo)) is dense 
inV. 

For u G {u + A(vo) + ker(a<i(i>o))}, we get, 

[u,v ] = [u,v ] mod (v^Zq), 

that is, 

ri[u,v ]=ri[u,v ] mod (Zq ) . 
Then there is an integer q such that 

qri [u, vo] = qri [u, vq] mod (log V). 

Therefore, by (2.6.6), 

qri(v + [u, v ] + z ) G log V. 

Noting that nexp(Z) C N whenever n G Nq, it follows from (2.6.5) that N is 
dense in N. 

Now, for n = exp(x + w) G A/o,7 n (£) = n ■ exp(t>o + zq) descends to a closed 
geodesic in T\J\f, say of length /. This is the longest closed geodesic in the free 
homotopy class [exp(/^o + l[x, vq] + Izq)]. Thus F sends 7 n (t) to a closed geodesic 
in <3>(r)\AT in the free homotopy class [exp(lvo + l[x + £, vq] + Izq)] which must be 
the longest one, too. 

According to Lemma 1.9, this geodesic must have the form: n* exp(t(w + zq)) 
for some n* G N, that is, F(n, vq + zq) = (n*, + ^o)- Therefore, we have proved 
that 

H(n, Vq + zq) = Zq and I(n, Vo + Zq) = vq, for n G Mq. 

Since A/o is dense in A", the above identities hold for all n £ N. 

Let e — > in (2.6.3). Recalling that ||z ej o|| < e and k € > is an integer, we have 

\\Zf -2e 

rk e r 

rk F v v 



\\rk c v + z e ,o|| ll^+Tfcfll ^ 

So, 

I(n, v) = lim I(n, vq) = v and H (n, v) = 
for all f e Vr- As noted above, the proposition follows. 
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2.8 Proposition. For n G N,v G V, z G Z, 

A(G t (n, v)) = A(n, v) A(G t (n, z)) = A(n, z) 
B(G t (n, v)) = B(n, v) B(G t (n, z)) = B(n, z) 

Proof. Immediate from Propositions 2.5 and 2.6. 

2.9 Notation and Remarks. The derived group [N, N] of N is a simply- connected 
central subgroup with Lie algebra [A/ - , Af] = Z, and exp : Z — > [N, N] is a vector 
space isomorphism. By the remarks in 1.10, FC\[N, N]\[N, N] is a torus; we denote 
it by T. Note that T acts isometrically on F\N by left translations. 

By Proposition 2.4, B{p/n,u) = B(n,u), I^n, u) = I(n,u) for all 7 G V, and 
A^n, u) = A(n, u) for 7 G [N, N] n V. Thus we can define the averages over T: 

B{n,u) = / B{x-n,u)dx, 
Jt 

A(n,u) = J A(x-n,u)dx. 

J(n, u) = I(x ■ n, u) dx. 
Jt 

for (n, u) G S(N). Here dx is the Haar measure of total volume one. 

2.10 Proposition. In the notation of 1.1, 2.3 and 2.9, 

<t>{v) = [B{n,^X v], 
B(n, v) = B(e, v) 

for all (n, v) G S(N) with v G V. 

Proof. By Proposition 2.4, for all n G N, v G V, with \\v\\ = 1, and 7 G T, we have 
0(log7) = Afrn, v) - A(n, v) + [B(n, v), log 7], 

and therefore, 

0(log7) = Afrn, v) - A(n, v) + [B(n, v), log 7]. 

Letting tv v : Af — > V be the orthogonal projection and recalling that <f>(z) = 0, we 
thus have, for r\ G 7r„(log(r)), 

0(?7) = A(exp(r])n 1 v) - A(n,v) + [B(n,v), rj\. 

Next note that N/[N, N] is a simply-connected abelian Lie group. Letting tv : 
N -> A^/[A^,A^] be the projection, then 7r(r)\7r(A^) is a torus f. The Lie algebra 
of N/[N,N] is Af\Z. Under the identification of Af\Z with V, the exponential 
map V — > N/[N, N] carries 7r„(logr) isometrically to 7r(T). Thus the torus T is 
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Since B(yn,v) = B(n,v) for y G [AT, AT] and B(jn,v) = B(n,v) by Proposition 
2.4, the map B(-,v) may be viewed as a map on the torus T. Since G t (n,v) = 
(nexp(tv), v), Proposition 2.8 implies that B(n exp(tv), v) = B(n,v) for all tel. 
In particular, if v G V is a unit vector such that the projection of v to the torus 
7r l) (logr)\V = T is a generator of the torus - i.e., the projection of {tv\t G M} is 
dense in the torus - then 

B(n,v) = B(nexp(tv),v) = B(e,v). 

By Kronecker's theorem, the generators form a dense set in the torus. Hence 

B(n, v) = B(e, v) 

for all unit vectors v G V. (Note: we can't expect to have A(n, v) = A(e, v) since 
A(77i, v) 7^ A(n, v) for general 7 G T .) 

Hence, for 77 G 7r„(logr), n E N, andv G V with || v|| = 1, 

0(77) = A(exp(r7)n,u) - A(n,u) + [B(e,v), rj\. 

From this identity, we get that for all n G N, 

A(exp(rj)n, v) — A(n,v) = A(exp(r)),v) — A(e,v). 

In particular, for £, £ n v log(r), 

A(exp(r/)exp(0,f) - A(exp(£)), v) = A(exp(r}),v) - A(e,v). 

Therefore, 

A(exp(r;) exp(0,«) - A(e, u) = (A(exp(r/), u) - A(e, v)) + (A(exp(£)) , v) - A(e, v)). 
Let 

E(rj,v) = (A(exp(r]),v) - A(e,v)), for 77 Gyr^logT. 

Then, 

E(ri + Z,v) = E(ri,v) + E(Z,v), forr/,^ G7r„log(r). 

Let 

Vq = span Q {7r„logr} C V 

and let vi, • ■ ■ , v p G tt v log T be a basis of Vq. 

For w = Ej Qi^i = ^Ej fcjVj G Vq, where fc, fcj are integers, and for all v G V with 

4>{w) = ^4>{Y>ikiVi) = ^E(Y>ikiVi,v) + [B(e,v),w]. 
In particular, forv = ^= gj^p since 

A(exp(to), i>) = A(e, u), 

we get, 

0H = i(A(exp(E l ^ l ), il^nr) - Me, il^)) + [*(e, ^)^] 
= [S( e , —),«,]. 

Noting that Vq is dense in V and £? is continuous, we have proven that for all v G V 
with v 7^ 0, 

0(«) = [S(e,p|),t;]. 
Proposition 2.10 gives us a strengthening of Eberlein's result (Proposition 2.2) 
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2.11 Definition. Let <p be an almost inner derivation of a 2-step nilpotent Lie 
algebra Af. By the definition, there exists a map £ : Af — > Af such that <f>(x) = 
[£,(x),x] for all x G Af. Note that £ is not uniquely defined. For x G Z, ^(x) is 
completely arbitrary, thus only the values of ^ on V are of interest. We will say <p 
is of continuous type if £ can be chosen to be continuous on V \ {0}. We will also 
say the corresponding almost inner automorphism <& of N ( with differential Id +<p 
as in 1.12 (a,)) is of continuous type. 

2.12 Theorem. Suppose (F\N,g) and (T*\N*,g*) are compact 2-step nilman- 
ifolds whose geodesic flows are C° -conjugate. Then there exists an almost-inner 
automorphism $ of N of continuous type such that (T*\N*,g*) is isometric to 
(<S>(T)\N,g). 

The theorem follows immediately from Propositions 2.2 and 2.10. 

2.13 Corollary. There exist 2-step nilmanifolds (T\N,g) satisfying: 

(a) Any 2-step nilmanifold whose geodesic flow is C° -conjugate to (T\N,g) 
must be isometric to (T\N, g) . 

(b) (r\iV, g) is isospectrally deformable, i.e., there exists a continuous family 
M t of 2-step nilmanifolds with M = (T\N,g) such that M t is isospectral 
but not isometric to Mq for all t. 

Proof. We only need to find a nilmanifold (T\N, g) such that (i) every almost inner 
derivation of Af of continuous type is inner and (ii) Af admits a T-almost inner 
derivation <p which is non-inner. By Remark 1.14 and Theorem 2.12, condition (i) 
implies (a). By 1.12, 1.13 and 1.14, condition (ii) implies (b). We will exhibit an 
example below. 

2.14 Example, (see [GM] and [GW]). Let N be the six- dimensional simply- connected 
nilpotent Lie group with Lie algebra 

AT = span{Xi, X 2 , Y 1 , Y 2 , Z 1 , Z 2 } 

with 

[X u Fi] = [X 2 , Y 2 ] = Z u [X u Y 2 ] = Z 2 

and with all other brackets of basis vectors trivial. 

The almost inner derivations of Af are the linear maps which send X 2 and Y\ 
to multiples of Z\, send X\ and Y 2 into span{Zi,Z 2 } and send Z\ and Z 2 to 
0. These form a 6-dimensional subspace containing the inner derivations as a 
four-dimensional subspace. The derivations <f>i, respectively <f> 2 , which send X\, 
respectively Y 2 , to Z 2 and send all other basis vectors to zero span a two-dimensional 
family of non-inner almost inner derivations. No almost inner derivation of Af is of 
continuous type. If M = (T\N, g) is any nilmanifold associated with N , then there 
exists a continuous two-parameter family of manifolds strongly Laplace isospectral 
to M but not C° ' -geodesically conjugate to M . 

See [GM] for further examples. 
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3. Special Classes of Nilmanifolds 



In this section, we focus on the special classes of 2-step nilmanifolds introduced 
in Definition 1.3. We shall prove the following: 

3.1 Theorem. If the geodesic flow of a nilmanifold (F*\N*,g*) is C° -conjugate 
to that of a nilmanifold (T\N,g) of Heisenberg type, then (T*\N* , g*) is isometric 



3.2 Theorem. // the geodesic flow of a 2-step nilmanifold (T*\N*,g*) is C 2 - 
conjugate to that of a 2-step nilmanifold (T\N,g) which is strongly in resonance, 
then (T*\N*,g*) is isometric to (T\N,g). 

3.3 Theorem. // the geodesic flow of a 2-step nilmanifold (T*\N*,g*) is C 2 - 
conjugate to that of an irrational 2-step nilmanifold (T\N,g), then (T*\N*,g*) is 
isometric to (T\N,g). 

Note that irrationality is a generic condition for 2-step nilmanifolds, so Theorem 

3.3 says that generic 2-step nilmanifolds are geodesically rigid. 

We continue to use the conventions of 2.3. In particular, we replace T*\N* by 
(<E»(r)\iV, g) where $ is a T-almost inner automorphism of N. To prove Theorems 
3.1 - 3.3, we must in each case show that the associated almost inner derivation 
cp is inner. The key to the proofs is the following result, valid for arbitrary 2-step 
nilmanifolds. 

3.4 Proposition. Let (T\N, g) be a 2-step nilmanifold and let 4> be a Y-almost 
inner derivation of the associated Lie algebra N ' . Thus in the notation of 1.1, there 
exists a map £ : V — > V such that cf)(x) = [£(#), x] for all x G V. If £ can be chosen 
so that ^{e J ^ z 'x) = ^(x) for all x G V, z E Z, then (p is an inner derivation. 

Proof. Pick v\ G V and denote by V\ the subspace of V spanned by all vectors 



Then, pick w 2 G V such that V2 -1 V\ . Denote by V2 the subspace of V spanned by 



to (T\N,g). 



{e 



M e J(z a ) . . . e J( Zk ) Vi J Zl ,z 2 ,- •■ ,Zk e Z,k = 0,1,2,- ■ ■}. 



{e 



(zi) e J(z 2 )... e J(z fc ) V2 | Zu z 2 ,..., Zk eZ,k = 0,1,2,- ••}. 



We claim that 



(3.4.1) 



V!±V 2 and [V 1 ,V 2 }=0. 



In fact, let x = e J ^ ■■■e J{z ^ 



vi, y 



= e J(Si) ... e J(z t ) V2 ^ Then 



< x, y > =< e 




vi, v 2 > 



v 2 > 



since v 2 _L V\. 

Similarly, we can prove that for any z G Z, < e tJ ^ 



x, y >= 0. Taking the 
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is < z, [x, y] >= 0. Since z E Z is arbitrary, we conclude that [x, y] = 0. Therefore, 
we have confirmed our claim. 

Repeating this process, we can find a finite sequence of vectors v±, i>2, • • • , v p e V 
such that 

where Vi is the subspace spanned by {e J ( 2l )e J(Z2 ) • • • e J ( Zk 'Vi\ z\, Z2, • ■ • , Zk £ Z,k = 
0, 1, 2, • • • }. Moreover, V % JL V} and [Vi, V}] = for i ^ j. 
Since <j> is linear and £(e J ( z )?;) = £(v), it is easy to see that 

<l>( x i) = [€(vi),Xi], for Xi E Vi. 

Let & be the projection of £(vi) to V^. We get, 

(3.4.2) (j){xi) = Xi], for x t G VJ. 

Now, for s 6 V, we write x = x± + £2 + • • • + x p , where Xi G Vi. By 3.4.1 and 3.4.2, 

4>{x) = Hi<f>(Xi) 

= [£, *] 

This proves that <j> is an inner derivation of M. 

We next prove a technical result valid for arbitrary non-singular 2-step nilmani- 
folds. This Lemma will be used in the proofs of Theorems 3.2 and 3.3. 

3.5 Lemma. We use the notation of 2.1 and 2.3 and assume that (T\N,g) is a 
non-singular 2-step nilmanifold and F : S(T\N) — > S($(T)\N) is a C 2 -geodesic 
conjugacy. Then for (n, v + z) e S(N), with v £ V, z £ Z , we have: 

(a) lim s _o MlWfhIsMfM 

= -^\ s=0 H(n, cos(s)v + sin(s)z) = z. 

(b) lim s ^o ^( //Kc ° s(s) ; +Sin(s)2) ) = 0. 

( c ) e * £ | a=0 J(n, cos(s)z; + sin(s)z) 

= lim s ^ Tr|A=o-f ( ncr (~5 cos(s)v + sin(s)z), e tJ( y z ) cos(A)i> + sin(A)z). 
where a(t, v + z) is the geodesic in N with <r(0) = e, cr'(0) = v + z. 

Proof, (a) The first equality in (i) follows from Proposition 2.6. In particular, the 
limit exists. Write v(s) = cos(s)v and z(s) = sin(s)z. According to Proposition 
2.5, 

I(na(t, v(s) + z(s)),e tJ M 8 »v(s) + z{s)) 

=e tJ(H(n,v(s)+z(s)))j^ v ^ + 

Replacing t by | in the above identity, we get 
(3.5.11 T(nrr(-.v(.^+z(.^.p tJ ^ S >v(.^+z(.^ = tJ( flt "- ,,( f' ( ' ) » )w / u / u 
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Now, for an arbitrary sequence s n — > 0, there exists a subsequence s ni such that 
ncr(y-,v(s ni ) + z{s ni )) — > g mod(r) for some element g in N( g may depend on 

the subsequence). Therefore, from /(771, i> + z) = J(n, u + z) for 7 e T, we get, 

t t 7( Z{Sn i } 1 

lim/(na( — , i>(s n J + z(s n J), e s »* v(s„J + z(s n .)) 

i^oo s ni 

=I(g,e tJ ^v) =e tJ &v. 

Therefore, 

lim I(na(-, v(s) + z(s)),e tJ ^v(s) + z(s)) = e tJ ^v. 

s^O S 

Hence by (3.5.1) and Proposition 2.6, 

.. , j, H(n,v(s)+z(s)) \ , j, H(n,v(s)+z(s)) s flYrl 

lime" 1 » 't; = lime U( - >I(n, v(s) + z(s)) = e tJ{z) v, 

s— >0 s^O 



SO, 



Therefore, 
that is, 



e tj(iim_ "("■«(.)+«(»)) ^ = e u(z) v _ 



H(n,v(s) + z(s)) 
J(hm )v = J{z)v, 

s^O S 



H(n,v(s) + z(s)) _ 

V s— S 



Since N is nonsingular, lim s ^o H ( n ' v ( s } +Z ( s ^ = z. 
(b) First, we show that lim s ^ £ ( MlWfhiEMfM ) exists . 
In fact, by (a), lim s ^ Mllh^k^ifM = Zj so 

,. d ,H(n,cos(s)v + sm(s)z) . 

iim — ( ) 

s^ods s 

1 ,H(n,cos(s)v + sm(s)z) N 
= lim z) 

s^O s s 

1 d 2 

= --j^\ s =oH(n,cos(s)v + sin(s)z). 

The last equality holds since by Taylor's formula, we have 
1 ,H(n,cos(s)v + sin(s)z) 

i( : z > 

s s 
Id 2 

= - —^H(n, cos(s)v + sin(s)z) for some < s < s. 
2 ds z 

Now, taking the derivative with respect to s in the identity (3.5.1) and then 
letting s — > 0, we get, 

" ' =0 I(na(-,v(s) + z(s)),e tJ{ ^ ) v(s) + z(s)) 



ds 



=te^J(±\ s - H{nMs) + z{s)) )v 
ds s 
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Equivalently, 

d H(n,v(s) + z(s)) 

J{-j-\s=0 )V 

as s 

= - j-^\ s =oH n i v ( s ) + z ( s )) 

(3.5.2) +L-*JwA| fl=0 /( 7l(T (* )1 ,( s ) + z ( a )) )e *J(^ i ) 1 ;( s ) + z ( a )). 

t as s 

Now, by Proposition 2.6, 

-i s=0 J(n<x(-, v(s) + ,<s)), e tJ(£ ^%(s) + z(s)) 
as s 

I(na(±, v(s) + z(s)\ e tJ( -^v(s) + z(s)) - e tJ ^v 
= lim 

s^O S 

I(na(± v(s) + z(s)), e tJ ^v(s) + z(s)) - e tJ ^v(s) 
= lim 

s^O s 

I(na(±, v(s) + z(s)), e tJ ^v(s) + z(s)) - I(na(±, v(s) + z(s)), e tJ ^v(s)) 
= lim 

s^O s 

= lim -^-k=s/(ncr(-, v(s) + z(s)), e tJ(£ ^ Vs) + z(X)) where < s < s 
s^o dA s 

Using the above equality and the facts that /(771, v + z) = I(n, v + z) and F is C 2 , 
we can prove that 

SL\ 8=0 I(7ut(-, v(s) + z(s)),e tJ ^ } v(s) + z(s)) 
as s 

is bounded for all t G 1. Furthermore, since the e tJ(yZ ^ are unitary operators, the 
right hand side of (3.5.2) goes to when t — > 00. Therefore, the identity (3.5.2) 
becomes 

d H(n,v(s) + z(s)) 

<M-Hs=o )v = 

as s 

Since N is non-singular, we get j^\ s =o H ^ n ' v ^ S g +z ^ = 0. 

(c) Putting J(^\s=o Hin,v(s s )+z(s)) )v = back into the identity (3.5.2), we get (c). 

We now turn to Theorem 3.1. 

3.6 Lemma. In the notation of 2.3, if N is of Heisenberg type, then H(n, v+z) = z 
for all (n, v + z) G SN, where v G V, z G Z . 

Proof. First, we take (n, v + z) G S(N) such that 

2nk ,„ \v 



(i + ^2>Gio g (rn[iv,iv]) 



for some integer k (take k to be minimum). The set of such points (n,v + z) are 

a — „„ ;„ a(-\T\ „„ „.„ — u. j j-„ j-u„j- tr/,„ „. i ~\ _ c — +u„„ ;„-t„ 
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Let 

7 = exp(^(l + ^)z) e r n [N, N}. 
Since, by 1.8, 
G*(n, v + z) 

= (ne W [(e tJ{z) ~ ld)J-\z)v + f (1 + &z - S ^M^l z ],e tJ ^v + z), 

2\z\ ^\ z \ 

and since 
we see that 

2-7T k 

G~^ (n, v + z) = dL 7 (n, v + z). 

So, 

FG^T =FdL 7 (n,i; + z), 
and since $(7) = 7, as 7 is central, 2.3 implies that 

It: k ~ ~ 

G^F(n, v + z) = dL 7 F(n, v + z). 

Now, denote 

F(n, u + z) = (ni, ui + zi) 

and 

2nk 

to = TT- 

\z\ 

We have, 

G to F(n,v + z) = 

(n ie xp[(e^) -iQJ-'Mv + toil + - sin ^|^l)l^ii% i]; e t J(, l)i;i + 

and 

dL 7 i; + z) = (7711, ui + zi). 
Comparing these identities, we see that 

e toJ(zi) =W 

and 

\vA 2 \v\ 2 

<° (1 + ^ = t » (1 + ^ 

That is, 

e t J(z) _ e t J(z-i) _ 

and 
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for some positive real number A. Note that A must be a positive integer since 

e t J(z) _ e \t j{z)_ 

Now, we have proved that for each (n, v + z) G S(N), there exists a positive 
integer A such that H(n,v+z) = Xz. Since S(N) is connected, this A is independent 
of (n, v + z). Furthermore, A = 1 since H(n, z) = z by Proposition 2.5. 

Proof of Theorem 3.1. As in 2.3, we may assume that (T*\N*,g*) = ($(T)\N,g) 
for some T-almost inner automorphism $ of N. We only need to show that the 
corresponding T-almost inner derivation <p is inner. 
According to Proposition 2.10, 

(j>(v) = [B(e, -A), v], for 0^6V. 

\v\ 

On the other hand, since <j> is linear, we get 

(j)(v) = -cf)(-v) 

= -[B(e,-^),-v] 

= [B(e,-^-),v] 



Therefore, Writing 



we get 



(j>(v) = [B(v), v], for ^ v G V. 
According to Proposition 3.4, we only need to show that 

B{e J{z) v) = B{v) 

for all z G Z, v ^ G V. 

By Proposition 2.5, Lemma 1.7 and Lemma 3.6, we get, for (n, u + z) G S(N), 

(3.1.1) B(G*(ra, u + z)) = S(n, u + z) + (e* J(z) - Id) J- 1 (^)(/(?i, u + z) - v), 
and 

(3.1.2) S(G*(n, + z)) = S(n, -u + z) + (e* J(z) - Id)J _1 (z)(J(n, -v + z) + v). 
By Proposition 2.5 and Lemma 3.6, 

I{G\n, v + z)) = e tJ{z h(n, v + z). 

Taking t = , we get 

7T 

(3.1.3) I{na{-r—\i v + z )i ~ v + z) = —I(n, v + z), 

\z\ 
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By (3.1.1) - (3.1.3), we have 



B(G\n, v + z)) + B(G\na{^-, v + z),-v + z)) 

\z\ 

TV 

= B{n, v + z) + B{na{ — , v + z), —v + z). 



Hence, 



B(G t (n, v + z)) + B{G\na{^-, v + z),-v + z)) 

\z\ 

- -TV 

=B{n, v + z) + B{na{-r—\i v + z )i —v + z). 

\z\ 

Replacing v by cos(s)v, z by sin(s)z, t by sin * s ^ in the above identity and recalling 
that B(n 7 v) is independent of n (Proposition 2.10), we get, by letting s — > 0, 

B(e, e tJ{z) v) + B(e, -e tJ{z) v) = B(e, v) + B(e, -v). 

That is B(e J ^v) = B(v). 

Proof of Theorems 3.2 and 3.3. 

As in the proof of Theorem 3.1, we set 

B(v) = 1 -(B(e,^-)+B(e,-^). 
2 1 17 1 \v\ 

We need only show that B(e J ^v) = B(v) for all z G Z, v ^ G V. 

Note that under the hypotheses of either theorem, N is non-singular. According 
to Proposition 2.5 and Lemma 1.7, for (n, v + z) G S{N), 

B(G~ (n, cos(s)f + sin(s)z) — -B(n, cos(s)w + sin(s)z) 

, j/ H (n ,cos (s) + sin( s) z) \ — 

= (e ^ 3 j — Id)J~ {H{n, cos{s)v + sin(s)^))/(n, cos(s)w + sin(s)z) 

_^ t j C Ji^l z) _ Id )j-i( sin ( s ) z ) cos(s)t; 



^ t J( - H"(n,co S ( 3 ) 1 ,+ S in( S ) Z ) ^ ^, i7(n, cos(s)f + sin(s)^^ /(n, cos(s)w + sin(s)^) 



where J(n, v + z) is defined in 2.9. The last equality follows from the fact that 

Letting s — > in the above identity and using Lemma 3.5 (a) and (b) and Lemma 
1.7, we get 

(3.2.1) B(n,e tJ{z) v)~B{n,v) = (e tJ ^ - Id) J' 1 (z)^-\ s=0 I{n, cos{s)v + sin(s)z). 
By Proposition 2.10, B(n,v) is independent of n, thus so is 

(p*J(*) - ld).T- 1 (z) — \„_nT(n. cns(s)v 4- sin^zV 
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Therefore, by Lemma 3.5 (c), 

e* J(2) -^-| s=0 -T(n, cos(s)i; + sin(s)2;) 
d 

= —\ s =oI(n, e tJ<2) cos(s)v + sin(s)z). 
as 

If N is strongly in resonance, we can pick a t such that e tJ ^ z > = — Id . If N is 
irrational, there is a sequence such that lim^oo e fi J ^ = — Id. In both cases, 
we have, 

= oI(n, — cos(s)v + sin(s)z) 



ds 



=oI(n, cos(s)v + sin(s)z). 



ds 



Substituting this identity into (3.2.1), we get B(e J ( z 'v) = B(v). This completes 
the proofs of Theorems 3.2 and 3.3. 
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